We consider the spherical reduction of the rational Calogero model (of type A n−1 , without the center of mass) as a maximally superintegrable quantum system. It describes a particle on the (n−2)-sphere in a very special potential. A detailed analysis is provided of the simplest non-separable case, n=4, whose potential blows up at the edges of a spherical tetrahexahedron, tesselating the two-sphere into 24 identical right isosceles spherical triangles in which the particle is trapped. We construct a complete set of independent conserved charges and of Hamiltonian intertwiners and elucidate their algebra. The key structure is the ring of polynomials in Dunkl-deformed angular momenta, in particular the subspaces invariant and antiinvariant under all Weyl reflections, respectively.
Some history
The Calogero model has a 45-year history, starting in 1971 with the original Calogero paper [1] . Ten years later Olshanetsky and Perelemov generalized the A n−1 model to arbitrary finite-dimensional Lie algebras and demonstrated their classical [2] and quantum [3] integrability. In 1983, the superintegrability of the Calogero-Moser system was established by Wojciechowski [4] . Starting with their seminal 1990 paper [5] on commutative rings of partial differential operators and Lie algebras, Veselov and Chalykh initiated a series of works on intertwiners (shift operators) and the exact energy spectrum for integer couplings (multiplicities). In parallel, employing the differentialdifference operators associated to reflection groups and introduced by Dunkl [6] , Heckman gave an elementary construction for commuting charges and intertwiners [7] . The first investigation of the spherical reduction of the rational Calogero model (here called 'angular Calogero model') goes back to M. Feigin in 2003 [8] . The A 2 and A 3 cases were analyzed classically in 2008 by Hakobyan, Nersessian and Yeghikyan [9] , and five years later the quantum energy spectra and eigenstates were derived for all angular Calogero models by M. Feigin, Lechtenfeld and Polychronakos [10] . More recently, M. Feigin and Hakobyan presented a deeper analysis of the algebra of Dunkl angular momentum operators, and just now the A 2 and A 3 angular models have been reconsidered on the quantum level by the authors [12] . This talk reviews their results.
The angular (relative) Calogero model
In the first half of the talk, let us introduce the spherical reduction of rational A n−1 Calogero model and present some of its salient features. In an n-particle quantum phase space with particle coordinates x µ and momenta p µ , where µ = 1, 2, . . . , n, subject to [x µ , p ν ] = i δ µ ν , the rational Calogero Hamiltonian (after separating the center of mass) reads
The strength of the inverse-square two-body potential is parametrized by a real coupling constant g (which could be taken ≥ 1 4 ). In the 'relative' 2(n−1)-dimensional phase space, a radial coordinate and momentum are defined via
It is convenient to switch to n−1 'relative' coordinates y i and momenta p i , with i = 1, 2, . . . , n−1,
In terms of polar coordinates (r, θ) on R n−1 , the Hamiltonian takes the form
where the angular potential is
Here, we introduced the A n−1 positive root system R + and the angle θ α between the point θ ∈ S n−2 and the root α. H Ω is the angular (relative) Calogero Hamiltonian, our object of interest.
In the position representation, we pass to differential operators,
so our Hamilton operators become
The spectrum and the eigenfunctions of H are known,
and
where we took advantage of the conformal invariance to separate in polar coordinates. The angular wave function v q ( θ) is an eigenfunction of the angular Hamiltonian, whose spectrum is also in the literature,
The degeneracy of energy level ε q is given by
with the restricted partitions p n (ℓ) given by the simple generating function
Relevant for this talk are the cases of n=3 and 4,
All the interesting nontrivial structure is hidden in the angular eigenfunctions:
which employs the Vandermonde ∆ and the (mutually commuting) Dunkl operators D i as arguments in the µth Newton sum
where s α denotes the reflection on the hyperplane orthogonal to the root α. These wave functions contain a factor of ∆ g and are directly related to Dunkl-deformed Weyl-symmetric harmonic
The D i , y i and s α form a rational Cherednik algebra. The restriction 'res' of its elements to Weyl-invariant functions yields important differential operators, in particular our Hamiltonians. To make this explicit, we 'Dunkl-deform' not only the linear momenta, ∂ i ⇒ D i but also the angular momenta,
and define the 'pre-Hamiltonians'
whose Weyl-symmetric restriction produce
The Cherednik subalgebra generated by the L ij and the Weyl reflections is given by the relations
with
It is a 'Dunkl deformation' of so(n−1), with H Ω being the Casimir invariant A hallmark of Calogero models is their isospectrality, which is characterized by the existence of intertwining (or shift) operators relating the energy spectra at couplings g and g+1. This concept is well established for the full rational model, but is also works in the angular submodel. There, angular intertwiners are differential operators M s in θ of some order s, constructed with the following recipe,
and M s has no r dependence, it follows that
The adjoint M
ℓ+n(n−1)/2 . It follows that for integer g we can obtain the angular eigenfunctions more directly by successively applying intertwiners to the free eigenfunctions, say at g=1,
An important issue is the existence of conserved charges beyond the Hamiltonian H Ω . Obviously,
, but this need not provide new quantities. However, any Weylinvariant polynomial C t (L ij ) of some degree t gives rise to a conserved charge,
We already know of C 0 = 1 and C 2 = −res L 2 but expect 2n−5 algebraically independent constants of motion (beyond C 0 ) in a superintegrable theory. Other than the Liouville charges in the full Calogero model, they will generically mix under the intertwining action,
with some coefficient functions Γ
Warmup: the hexagonal or Pöschl-Teller model
Let us illustrate the structures just mentioned on the first nontrivial example, which at n=3 is the A 2 model. Its spherical reduction (to the unit circle) is known as the Pöschl-Teller model, but we call it 'hexagonal' because the potential is singular at angles φ = (2k+1)π/6. The relation between the 3 particle coordinates x µ and the 2 Jacobi relative coordinates y i orthogonal to the center of mass X is
Performing the polar decomposition and introducing a complex coordinate,
the angular Hamiltonian takes the form
Its spectrum depends on a single quantum number ℓ = 3ℓ 3 , with ℓ 3 ∈ N 0 ,
Since the third Newton sum is σ 3 (w,w) = w 3 −w 3 , the angular wave functions are constructed as
where the ingredients are ∆ ∼ w 3 +w 3 ∼ r 3 cos(3φ) and (34)
The application of the Dunkl operators can be evaluated analytically, arriving at
The table below lists some low-lying hexagonal wave functions, abbreviating (mm) := w 3mw3m .
3 (10) The simplest Weyl antiinvariant build from L 12 is the Dunklized angular momentum itself,
whose Weyl-symmetric restriction gives a most simple angular intertwiner,
which allows for an even simpler recursion relation for the hexagonal wave functions,
Iterating this recursion is an easier way to construct these wave functions from the ground state.
there is no further conserved charge besides the angular Hamiltonian in the hexagonal model.
Tetrahexahedric model: the spectrum
Now we pass to the next and more interesting case, n=4. This angular model is quite new and describes a particle on the two-sphere with a non-separable potential. We call it tetrahexahedric because the singular loci of the potential are six great circles which form the edges of a spherical polyeder called tetrahexahedron. Therefore, the particle is trapped in one of 24 identical fundamental domains (the faces), which have the shape of a (spherical) right isosceles triangle. It is convenient to pass to Walsh-Hadamard relative coordinates (due to A 4 ≃ D 3 ):
and introduce spherical coordinates x = r sin θ cos φ , y = r sin θ sin φ , z = r cos θ .
The angular momenta and the spherical Laplacian take the familiar form
and the angular Hamiltonian reads
The tetrahexahedric energy spectrum is given by
q (q+1) with q = 6g + ℓ = 6g + 3ℓ 3 +4ℓ 4 and
The corresponding wave functions can be computed from
and the linear Dunkl operators 
The following table lists the low-lying tetrahexahedric wave functions for g=0 and g=1, using the
12{1200} − 456{1020} + 657{840} + 13581{822} + 1137{660} − 88842{642} + 114007{444} 0 3 813{1200}−30894{1020}+165652{840}+72131{822}−147943{660}−169702{642}+57527{444}
We note that these are eigenfunctions of the free model, H Ω = 1 2 L 2 , since the potential is absent at g=0 or 1, but they are S 4 invariant, The interacting eigenfunctions are of the same form, only the coefficients depend on g.
Tetrahexahedric model: intertwiner and integrability
In order to construct the intertwiners of the tetrahexahedric model, one starts with the angular Dunkl operators, It turns out that the simplest Weyl antiinvariant is cubic,
and taking the Weyl-symmetric reduction we obtain a first angular intertwiner, 
